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1. Introduction 

The Kato square root problem for elliptic operators on Lipscliitz domains with 
mixed boundary conditions can be formulated as follows. Let Q C R", n G N, be a 
Lipschitz domain, let Si be an open subset of the boundary E of Q, and define 

(1) V = {ue H\n;C) -.snppi^u) cWi} 

where 7 is the trace operator from the Sobolev space H^{Q]C) to the boundary 
Sobolev space H^/\J:;C). 

Given a matrix valued function A = (ajk) where ajk G Loo(fi; C) for each j, k = 
0, 1, . . . , n, let Ja-VxV — > C be given by 

T r T f f du dv dv du _ _\ , 

(2) Ja[u,v\= ^ \ajk-^-^ + ajou— + aok-^v + aoouv j dx 

^ j)^— 1 ^ ^ 

for every u, f G V. 

Suppose that satisfies the following coercivity condition: there exists k > 
such that 

(3) ReJA[u,u]>K{\\Vuf+\\uf) 

for every m G V. Here and below (-, ■) and || ■ || denote the inner product and 
norm on L2(fi; C). Then Ja is a densely defined, closed, accretive sesquilinear form. 
Consequently, there exists an operator La on L2{fl; C) with D{La) C V uniquely 
determined by the property that it is maximal accretive and satisfies Ja[u,v] = 
[Lau, v) for every u G D{La) and f G V. Indeed, La is the divergence form operator 
Lau = -Y, -irio-jk^) - Yl a|-(%oM) + «ofc^ + aoou with Dirichlet boundary 
condition u = on and natural boundary condition ^ ^j'^jk-§^ + Yl ^jO-joU = 

on El, defined in an appropriate weak sense. 

The square root ^/La of La is the unique maximal accretive operator with (a/L^) = 
La- For an explanation of the terminology and results see [HI VI - Theorem 2.1, 
V - Theorem 3.35, VI - Remark 2.29]. Also see UHl Chapter II], UHl Chapter 1] 
and ^\ for specific material on forms such as Ja and further references to mixed 
boundary value problems. The Kato square root problem is to determine whether 
the domain D (v^La) = V. 

The Kato square root problem for second order elliptic operators on i7 = R" 
was solved in by P. Auscher, S. Hofmann, M. Lacey, A. Mcintosh and Ph. 
Tchamitchian, and for higher order elliptic operators and systems on R" in [3] 
by Auscher, Hofmann, Mcintosh and Tchamitchian. The Kato square root prob- 
lem for second order elliptic operators on strongly Lipschitz domains with Dirichlet 
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or Neumann boundary conditions was solved by Auscher and Tchamitchian jB| who 
reduced the problem to the Kato problem on by using extension maps. As differ- 
ent extensions are required for the Dirichlet and Neumann problems, their procedure 
does not work for mixed boundary value problems. 

The following theorem solves the Kato square root problem for second order ellip- 
tic operators on Lipschitz domains with mixed boundary conditions. This result is 
new for both smooth and Lipschitz domains, and answers a question posed by J.-L. 
Lions in 1962 ^T] Remark 6.1]. We remark that in the case when the coefficients are 
Holder continuous, the Kato square root problem with mixed boundary conditions 
was solved in |13j . 

Theorem 1.1. Let Q' C R'^, n E N, be a smooth domain which coincides with 
either the empty set 0, the half space R" or R"^ on the complement of a bounded set. 
Let T,[ C E' = dfl' , be a smooth open set, which coincides with either the empty set 
0, the half space R"^"*^ C R"^"*^ or R"~^ on the complement of a bounded set. 

Let Q C R" be a bi-lipschitz image ofQ' and let Si C S = dQ be the corresponding 
bi-lipschitz image ofE'i. 

Define V, A, J a with the properties specified in (Qi^, and let La be the associated 
maximal accretive operator. 

Then D (i/L^) = V with \\^/LAu\\ ~ ||Vm|| + \\u\\ for every u E V. The compa- 
rability constant implicit in the use of "~" depends on ||v4||oo and k, as well as the 
constants implicit in the assumptions on Q and Si. 

Indeed, a somewhat more general version is presented in Section El Theorem 
concerning elliptic systems with local boundary conditions. This constitutes an 
application of results (Theorems 12.41 and Corollary 12. 5j) on homogenous first order 
systems T acting on L2{Q,C^) which satisfy L^ = 0. We let H = L + T*, and 
consider perturbations of the type 11^ = T + BiT* B2 where Bi has positive real part 
on the range of F*, B2 has positive real part on the range of F, and F*i?2-BiF* = 
and Fi?ii?2F = 0. It is shown under certain hypotheses that 11^ satisfies quadratic 
estimates in L2(fi; C^), and hence that the estimate ||\/iIb^m|| ~ HIIbmII holds. 

Techniques developed in the current paper build upon ideas introduced by the 
authors in [2], where we prove quadratic estimates for complex perturbations of 
Dirac-type operators on R*^ and show that such operators have a bounded functional 
calculus. This paper was in turn inspired by the proof of the Kato square root in 
jS]. The key idea employed from [7] is our utilization of only the first order structure 
of the operator, and subsequent exploitation of the algebra involved in the Hodge 
decomposition of the first order system. Duplicated arguments from f?^ have been 
omitted, so the reader is advised to keep a copy of that paper handy. 

1.1. Acknowledgments. This research was mostly undertaken at the Centre for 
Mathematics and its Applications at the Australian National University, and was 
supported by the Australian Research Council. The second author held a visiting 
position at the School of Mathematics at the University of New South Wales during 
the final preparation of this paper, and thanks them for their hospitality. 

2. Quadratic estimates for perturbed Dirac operators 

In this section we expand on the comments made in the introduction concerning 
first order elliptic systems. 
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For an unbounded linear operator T : D(T) — > 0.2 from a domain D(T) in a 
Hilbert space Hi to another Hilbert space 0.2, denote its null space by N(T) and 
its range by R(T). The operator T is said to be closed when its graph is a closed 
subspace of Hi x H2- The space of all bounded linear operators from Hi to H2 is 
denoted C{Hi,H2), while C{H) = C{H,H). See for example P for more details. 

Consider three operators {T, Bi, B2} in a Hilbert space H with the following 
properties. 

(HI) The operator F : D(F) — > His a nilpotent opeTatoi from D(F) cHtoH, by 
which we mean F is closed, densely defined and R(F) C N(F). In particular, 
F2 = on D(F). 

(H2) The operators Bi, B2 : H — > H are bounded linear operators satisfying the 
following accretivity conditions for some Ki,K2 > 0: 

Re{BiU,u) > Ki\\uf for all u G R(F*), 

Iie{B2U,u) > K2\\u\\'^ for all u E R(F). 
Let the angles of accretivity be 

Ui = sup I aTg{BiU,u)\ < I , 
•aeR(r*)\{o} 

UJ2 = sup I &Tg{B2U,u)\ < I , 

«GR{r)\{o} 

and set u = |(a;i + lj2). 
(H3) The operators satisfy F*525iF* = on D(F*) and F^i^sF = on D(F); 
that is, 52^1 : R(F*) — > N(F*) and B1B2 : R(F) — ^ N(F). 

Definition 2.1. Let H = F + F*. Also let T% = BiT*B2 and let Hs = F + T*^. 

Definition 2.2. Given < ;U < |, define the closed sectors and double sector in 
the complex plane by 

Sf,+ = {z e C:\aTgz\ < /i} U {0} , S^^ = -5^+ , 

•S*^ = Sf_i-\- U 5*^- . 

We now summarize consequences of the above hypotheses, proved in Section 4 of 
The operator F^ is nilpotent, the operator H^ is closed and densely defined, and 
the Hilbert space H has the following Hodge decomposition into closed subspaces: 

(4) 7^ = N(HB)©R(r^©R(r) . 

Moreover, N(Hb) = N(F|j) n N(F) and R(Hb) = R(F|j) © R(r). When Bi = B2 = I 
these decompositions are orthogonal, and in general the decompositions are topo- 
logical. 

The spectrum a{IlB) is contained in the double sector 5*^, and the operator H^ 
satisfies resolvent bounds 

ll(i-^nB)-^||< 

dist (r, Suj) 

for all r G C \ S^, where C = C(||-Bi||, II-B2II, ^^i, 1^2)- Such an operator is of type 5*^^ 
as defined in [H E] . 

We now introduce further hypotheses which together with (Hl-3) summarize the 
properties of operators considered in this paper. These form an inhomogeneous 
version of hypotheses (H4-8) of [7]. 
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(H4) The Hilbert space is H = L2{fl; C^), where 1] C R" and n, iV e N. Here Q 
is a bi-Lipschitz image of fl' C R", where Q' is a smooth domain which on 
the complement of a bounded set coincides with either the empty set 0, the 
half space R" or R". (By a domain we mean a connected open set.) 

(H5) The operators Bi and B2 denote multiplication by matrix valued functions 

(H6) (Localisation) For every smooth, bounded rj : R" — > R we have that 
T]D{r) C D(r), and the commutator = [F,//!] is a multiplication op- 
erator. There exists c > so that 

\M^{x)\ < c\Vri{x)\ 

for all such rj and for all x G R". (This implies that the same hypotheses 
hold with F replaced by F*.) 
(H7) (Cancellation) There exists c > such that 



Tu 



n 



<c\B\^/^\\u\\ and 



n 



<c\B\'/^\ 



for every open ball B centred in Q, for all u G D(F) with compact support 
in B nfl, and for all v G D(F*) with compact support in B CiQ. 
(H8) (Coercivity) There exists a, P,c> such that 

\\u\\Hf>in;CN) < c|||n|^M|| and \\v\\Hc.(^n.c'^) < c|||n|°t;|| 

for all u G R(F*) n D{U^) and v G R(F) n D{lP). 

Here |H| = y/lP, and H^iVl; C^) denotes the Sobolev space of order /3 of C^-valued 
functions on VL. 

Remark 2.3. In the following theorem and throughout the rest of the paper, the 
notation a ~ 6 and b < c, for a,b,c> 0, means that there exists C > that depends 
only on the hypothesis, so that a/C < b < Ca and b < Cc respectively. 

Theorem 2.4. Consider the operator H^ = F + BiT*B2 acting in the Hilbert space 
H = L2(fi;C^), where {T, Bi, B2} satisfies the hypotheses (Hl-8). Then H^ satis- 
fies the quadratic estimate 

POD 

(5) / WYlBil+t^UBY^uftdt ^ \\uf 



for all u G RiJ^B) C L2(f2;C^). The comparability constant implicit in the use 
of "~" depends only on the parameters quantified above including the bi-Lipschitz 
constants implicit in the definition ofQ, and on Q' . 

We defer the proof to Section HI 

This result implies that, for every < /i < |, the operator H^ has a bounded 
5*° holomorphic functional calculus in R(Hb) C L2(f2;C^), where 5"° denotes the 
interior of S^. More to our purposes, it implies the following result. See [3 Section 
2] for further discussion and proofs. 



Corollary 2.5. Assume the hypotheses of Theorem "KJ Then D(F) fl D(F^ 
D{Ub) = D{^/Il^) with 



\Tu\\ + ||F^n|| ^ ||Hbm|| ^ Hv^H^mI 
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Remark 2.6. This is equivalent to the statement that there is a (non-orthogonal) 
spectral decomposition 

into spectral subspaces of corresponding to {0}, S^^ \ {0} and S^^ \ {0}. 

2.1. Sobolev spaces. We take this opportunity to state some interpolation, trace 
and extension results for Sobolev spaces that we need in the next section. 

Recall the complex interpolation method. Let X D Y he Hilbert spaces and 
S" = {2; G C : < Re2; < 1}. Let H[X, F] denote the Banach space of bounded 
continuous functions / : S — > X holomorphic on 5* with f{z) G X if Rez = and 
f{z) G F if Rez = 1. Each interpolation space [X, Y]g, < < 1, is given by 

[X,Y]e = {u{e) e X : u e H[X,Y]} 

and inherits a Hilbert space topology from the quotient H[X, : u{6) = 0}. A 

collection of Hilbert spaces {Xs}s&i, where / C R is an interval, is an interpolation 
family if X(^i_g)t^+0t2 = [^ti,Xt2]0 for every < 6' < 1 and ti,t2 G /. A good 
reference for complex interpolation spaces is [T^ . 

Let Q, S, Si and Q' be as described in the introduction. 

For each s G R, let C") denote the fractional order Sobolev space of order 

s of C^-valued functions on Q. For each —1 < s < 1, let C") denote the 

fractional order Sobolev space of order s of C^-valued functions on S. This can be 
defined through localisation arguments by utilizing bi-Lipschitz parameterizations 
of S. The spaces C"), — 1 < s < 1, form an interpolation family, as do the 

closed subspaces 

H^{^; C™) = {ue H'{J:; : supp n C S7} . 

More generally, Hq{J]i;C"^) interpolate whenever S \ Si is an extension domain 
of S. By S \ S 1 being an extension domain of S, we mean that the map R re- 
stricting distributions in if~^(S;C"^) to S \ Si has a right inverse E, such that 
ER : if"(S; C"^) i/"(S; C") is bounded for all |s| < 1. 

In the case when Q is smooth, i.e. when Q = Q', we also make use of the following 
facts. 

• The trace operator 7 is a bounded map 7 : if*(ri; C") — * H^~^^'^{'E; C"*) for 
1/2 < s < 3/2. There is a bounded extension operator E : if'^~^/^(S; C™) — >■ 
H'{n; C™) for < s < 3/2 which satisfies 7E = / on H'-^/'^{E; C") when 
l/2<s<3/2. In the case fl = R", this map can be contructed as in [21 
Section 2.8, Theorem lb] with a = 1. 

• H^Q; C™), < s < 3/2, is an interpolation family, as is H^iQ; C") = {u e 
H'IQ; C") : 7M = 0}, 1/2 < s < 3/2. 

• Hf{Q; C™) = [L2{Q; C'"), H^{Q; C")], when 1/2 < s < 1. 

3. A KATO SQUARE ROOT ESTIMATE FOR SYSTEMS ON DOMAINS 

Let us now state a theorem which is somewhat more general than Theorem 11.11 
We shall then prove it is a consequence of Corollary 12. 5| and thus of Theorem 12.41 
Later, in Section |3J we shall prove Theorem 12.41 

Assumptions on Q, V and S. For the remainder of this section, n, m G N, 
is an open subset of R" which satisfies hypothesis (H4) and has boundary S, and V 
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is a closed subspace of H^{Q; C") given by 

(6) V={ue H\n; C") : G B^/^{J:; C'")} , 

where B^{I1; C"*), — | < s < 1, is a complex interpolation family of closed subspaces 
of if'*(S;C™), and i?^/^(E;C'") has the following localisation property: whenever 
g G i?^/^(E;C™') and r] : — > R is compactly supported and Lipschitz, then 
r]g G -B^/^(E; C™") with ||r75'||si/2 < c(|| V?7||oo + ||'7||oo)||fi'||Bi/2 for some c (independent 
of g and r^). In the case when f2 = R", then V = C"). 
Further, S" denotes the unbounded operator 

^ : D{S) C L2(^^; C™) — > U^VL; C™+"™) 



5 



V 



(7) 



with dense domain 0(5*) = V, and S* is its adjoint: 

5* = [I -div] : D{S*) C L2{n] C™+"™) — > L2(fi; C") . 

Then 5" and S* are closed and densely defined operators with N(S') = {0}, R(5') 
closed in L2(fi; 0"^+"™), and R{S*) = ^2(1^; C"^). 

Assumptions on Ai and A2. Assume that Ai G Loo(f^; /^(C™)) and A2 G 
Loo(f^; >^^(C'""'""™)) satisfy, for some ki,K2 > 0, the accretivity conditions 

Re{AiV,v)> Ki\\vf for all v e L2{n; C"") , 
Re{A2Su, Su) > K2\\Su\\'^ for all ugV. 
Set u := 1(071 + ^^2) where 

:= sup{| arg(y4it;,f)| : G L2(fi; C™), 7^ 0} < f and 
u;2 := sup{| arg(A2^M, Su)\ : ueV\ {0}} < f . 

Theorem 3.1. Suppose that Q, V, S , Ai and A2 satisfy the above assumptions. Let 
La = AiS*A2S denote the unbounded operator in L2(fi; C"^) with domain D{La) = 
{u G V : A2SU G 0(5**)}. Then cr(L^) C 5*2^^+ and La satisfies resolvent bounds 
11(1 —tLa)^^\\ < dist(l^52 +) -^^^ all T & C \ S2U1+, so that La has a square root ^/La 
with a{\/L^) C S^j^. 

This square root has the Kato square root property D[y/LA) = V with 

(8) II ~ ^ ||Vm|| + 

for all M G V. The comparability constant implicit in the use of "~" depends on 
m,c, ||y4i||oo, ||^2||oo, /^2; O'lT'd on Q' , the bi-Lipschitz constant implicit in the defi- 
nition ofQ, and constants of interpolation for B'^ [J]] C"^). 

We first deduce that Theorem II .11 is a consequence of this one. 

Proof of Theorem \l.l\ Apply Theorem 13.11 with m = 1, Ai = I , A2 = A and 
S*(E;C) = //q(Si;C), noting that these spaces satisfy the above hypotheses, 
and that the sesquilinear form defined in the introduction is Ja[u,v] = {ASu,Sv), 
u G V, with associated operator La = S*AS. □ 

We now express Theorem 13.11 in terms of the first order systems presented in 
Section |21 Consider the following operators 




S 



s* 





Ai 




Bo 




A2 
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in the Hilbert space U = L2{n;C"') © L2(^^; C"^+"""). They satisfy hypotheses 
(Hl-3), and so have the properties hsted in Sectional Moreover 



AiS*A2 




n 



B 



r + r 



B 



AiS*A2 
S 



and 



l-B 



La 
SAiS*A2 



AiS*A2S 
SAiS*A2 

We remark that F, F*, F^, FE^ and Hb^ all have closed range, and that 

R(F) C L2{Q; 0"^+""^) = N(F) and 
R(F*) = R(F^) = L2iQ; C") C N(F*), N(F^). 



Moreover a{IlB) C S^j and cr(JlB^) C 5*; 



-^and l|(I-rW)-M| < ^ 



with resolvent bounds ||(I— tFIb) -^|| < 

dist(r,s^) "^^^-^ II V- ' y II ~ dist (r2,52.+) all r G C \ 5*^. 

Proposition 3.2. Under the above assumptions, the operator Ub satisfies the qua- 
dratic estimate ^ for all u E R(nB), and thus D(F) n D(F^) = D{Ub) = D{^/n 
with 

||Fm|| + ||F^m|| ^ \\Ubu\\ ^ \\^/u 



IB 



lB^u\ 



We first deduce that Theorem Kill and hence Theorem 11.11 is a consequence of 
Proposition | 



Proof of Theorem \'J.ll On restricting the above result to m G 1/2 C™") we conclude 
that D(-\/L^) = D{S) = V with the Kato square root estimate 



Lau\\ ^ \\Su\\ = ||Vm|| + 



for all M G V. 



□ 



Remark 3.3. It is also a consequence of the quadratic estimate (0) that has 
a bounded 5*° holomorphic functional calculus in R(n5) C for < < tt/2. 
Therefore La has a bounded holomorphic functional calculus in L2(f2;C™). 
This is a generalisation of results in ^3] and [Hj. 

Our task now is to prove Proposition 13. 21 We do this in two stages. In the first, 
we show that when the domain Q is smooth, then hypotheses (H4-8) are satisfied, 
and so Theorem 12.41 and Corollarv 12. 51 can be applied. This in itself is a new result. 
In the second stage, we show that the full result is a consequence of the result for 
smooth domains. 



Proof of Proposition \3. <H when = il' . Our aim is to verify that {F, Bi, B2} satisfies 
hypotheses (H4-8) inH = L2(fi;C'") © L2(fi; 0™+"™) = L2{n]C^) with = 
2m + nm. 

• Hypothesis (H4) is already assumed, while (H5) follows immediately from 
the assumptions on and A2. 

• The localisation hypothesis (H6) follows directly from the definition © of 
V, and the fact that C™) satisfies a localisation property. 

• Hypothesis (H7) follows from the fact that Vu = and div t> = for 
u and V with compact support in Q, and the use of the Cauchy-Schwarz 
inequality on the zero order terms. 
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• To prove (H8), first assume u G R(r*) fl D(r). Then 

ll«lli?i{!^;c^) = ll^^ll = lin^ll = ll|n|M||, 

so we can choose (3 = 1. Next assume f = Fu G R(r) fl D(n^), where 
u G L2{^1] C™). From Proposition 13.41 below it follows that 

\\v\\H'-{n;ci^) = \\u\\m+c.(^n;cN) < |||n|^+"M|| = |||n|"nM|| = |||n|"w||, 

since L^/^ = |n| on L2(r^;C™). 
The result now follows on applying Corollary 12.51 □ 

We are left with the task of proving the following result. 

Proposition 3.4. Under the above assumptions on V and S , and the smoothness 
assumption Q = Q' , consider the positive operator L = S*S in L2(fi;C™). Then 
there exists a>0 such that D(L(i+")/2) q H'^+^{n- C™) with 



U\\. 



Remark 3.5. Note that L = -A + / with D(L) = {ueV : Sue D(5*)}. When 
m = 1, V is defined as in the introduction, and the boundary of Si in E is smooth, 
then this result can be derived for any < a < | as a consequence of results on 
mixed boundary value problems proved by A. Pryde in ^H]- The proof of Lemma 
is an adaptation of an interpolation argument in jl6j. 



We prove Proposition 13.41 with an interpolation and duality argument using the 
family 

= {m G H'iVL- C™) : 7M G B'-^'^iJl; C™)} 
for 1/2 < s < 3/2 and the following three lemmas. 

Lemma 3.6. //1/2 < s < 1, then V C D{L''^) with \\L'/'^u\\ < \\u\\hs. 

Proof. By VI - Theorem 2.23] we have V = = D(Li/2) follows that 

Thus it suffices to prove that V" C [L2(^^; C"^), V],. To this end, let u G V". It 
suffices to show that there exists F G H[L2(f2; C™"), V] with F{s) = u. By definition 
g = 'fu E -B*~"^/^(S; C"^). Therefore there exists 

G G h[b-^/\j:; c™), b^/\j:; c"")] c h[h-^/\^; c™), h^/\j:; C™)] 

with G{s) = g. Let Fi = EG where E is the extension operator mentioned in 
Section EIH and note that Fi G H[L2(^^; C™), V]. Since 7^1(5) = -fEG{s) = g = ju, 
it follows that u — Fi{s) G Hq{Q] C™). Therefore, there exists 

F2 G H[L2(f];C™),/7o'(^;C"^)] C H[L2(fi; C™), V] 

with F2{s) =u- Fi{s). Thus F = Fi + F2 G H[L2(fi; C"), V] and F{s) = u. This 
completes the proof. □ 

Lemma 3.7. The spaces {V'^}i/2<s<3/2 form an interpolation family. 
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Proof. We need to prove that = [V*\V% for 1/2 < ti < s < < 3/2 and 
s = (1 — 6)ti + 6t2. The inclusion C is proved in the same way as in the proof of 
Lemma f3. 61 To prove the incusion D, let u = F{6), where 

Thus u e i/"(fi;C™). Furthermore, since jF e H[B^^-^/'^{J:;C"'), B^''-^/^{J:;C"')] 
we obtain from the interpolation assumptions on -B^(S; C") that 'yu G C"^). 
This proves that m G V'^ and completes the proof. □ 

Lemma 3.8. There exists < Cq < 1/2 that depends only on m and the constants 
implicit in the definition ofQ such that for \a\ < Cq, the form J : V x V — > C extends 
to a duality J : V"'^'''" x V^~° — > C. In particular, we have the estimate 

\\u\\H^+a < sup -— yj — , U G . 

Proof Using the fact that H'^{Q; C"") is the dual of C"") when -1/2 < a < 

1/2 we get 

|J[u,i;]| = \{Su,Sv)\ < \\Su\\H'^(n-c"^+r^m-j\\Sv\\H-o>(n-c"^+nm) < \\u\\hi+^\\v\\hi-c ■ 

Thus we have an associated bounded operator La : V^^° (V^^°)' : u J[u, ■] 
when |a| < 1/2 which is invertible for a = 0. By Lemma f3. 71 and the stability result 
of Sneiberg [THj, there exists a constant cq > such that La : V^+" — > (V^~")' is 
an isomorphism when |a| < cq, which proves the lemma. □ 

Proof of Proposition \3.4\ Let Cq be the constant from Lemma IT^ and let < a < Cq. 
For u G D(L*^^+"^/^) we get from Lemma (3.81 and [3.61 that 

II II / \J[u,v]\ \{L^u,L^v)\ 
\Mm+" < sup — < sup —j^ 



^gyl~a t> ^^,^1^, \\L 2 til 

VGD{L 2 ) II I 



< sup -^^ — - — - — - = \\L 2 u\\. 

w£L2{n;C"^) \\w\\ 

This completes the proof. □ 

We have now completed the proof of Proposition 13.21 in the case of smooth do- 
mains. It remains for us to consider bi-Lipschitz images of smooth domains. In doing 
so, we use the following operator theoretic lemma. The proof is straightforward and 
we omit it. 

Lemma 3.9. Let T : Ti ^ Ti' he an isomorphism between Hilbert spaces, let 
{r, Bi, B2} be operators in Ti satisfying (Hl-3). Assume that V satisfies (HI) in 
n and that T'T = TT with D(r') = TD(T). 

Then Ub = T-^U'j^,T with D(n^,) = TD(Ub), where U'^, = T' + B'^iT'YB'^, 

B[ := TBiT*, B'2 := {T-^yB2T-\ 

and {V , B[, B2} satisfies (Hl-3). Consequently, ifU'^i satisfies quadratic estimates, 
then so does Ub- 

Proof of Proposition \3.'A Suppose that fl,V and 5* have the properties specified at 
the beginning of this section, and denote the bi-Lipschitz map from the smooth 
domain Q' with boundary E' to the domain Q with boundary H hj p : Q' ^ Q. 



l + a 
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The map pg defined by p^u = uop is an isomorphism from L2{Q; C™) to L2{fl'; C*"), 
from H^Q;^^) to H\Q';C"') and from /7^(S;C"^) to C'") when |s| < 1, 

and it commutes with the trace map 7. On defining V = PoiV), we deduce that 
V satisfies the same assumptions on Q' as V does on Q. Next define S' to be the 
unbounded operator 

^ : D{S') C L2{Q'] C") — > L2{Q'] C'^+""*) 



5' 



V 



with dense domain D(S") 
The operator 




S' 



V, and let T' 

is an isomorphism from L2(fi; 0'^+""^) to L2(f^'; C'"+"'") 



L2(^^';C"^)©L2(fi';C 



and T 



as r'T = rr. Now fi', V, S', 5( 



pS 

pl 

where denotes the pullback p*w := (rfp)*t; o p : L2(fi; C"™) — > L2{n'; C"™). By 
the chain rule, S'p^ = PqiS. 

We can apply the above lemma with H = L2(fi;C'") © L2(fi; C'"+"'"), H' = 

\Po 0' 
^0 pSi 

TBiT* and i?2 = {T~^)*B2T~^ satisfy the hypotheses of Proposition IH.2| and we 
have already proved that 11^, = F' + B[{V')*B'2 satisfies the quadratic estimate (jSI 
on R(n'^,). Thus satisfies the quadratic estimate (0) on R(nB) as required. □ 

4. Proof of Theorem 12.41 

The proof here is an adaption of our previous work in [7^. The main novelty is 
the inhomogeneity in hypotheses (H7-8). 

Definition 4.1. Define bounded operators in Ti for each t G R by 

Rf = {\+imB)-\ 

Pf = (I +t^UBY^ = \{Rf + = RfR''_t and 

ef = tr^(i+tW)-^ 

In the unperturbed case Bi = B2 = I, we write Rt, Pt and Qt for _Rf , P^^ and Qf . 

To prove Theorem 12.41 it suffices by the Hodge decomposition (jH) and duality 
considerations as in (7, Proposition 4.8] to prove that the square function estimate 



(9) 



holds for every u G R(r) under the hypotheses (Hl-8) stated in Section |21 together 
with the three similar estimates obtained on replacing {P, Bi, B2} by {P*, B2, -Bi}, 
{P*, B2, B^} and {P, B^, B2}. As the hypotheses are preserved under these replace- 
ments, it suffices to consider 

We now introduce a dyadic decomposition A of Q that is better suited to our 
circumstance than the standard dyadic decomposition. It can easily be constructed 
using hypothesis (H4). The decomposition is given by A = 1J^.<^.^ A2j for some 
Jo ^ 0, where each A2J is a collection of Borel subsets Q of Q (each of which we 
refer to as a dyadic cube) such that the following holds. 
• We have fl = Uoga Q every integer j < jo- 



2J 
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• We have QnR = whenever Q, i? G with Q ^ R. 

• If -R G A2fc and Q G A2j for some k < j, then either RGQoTRr\Q = 0. 

• There exists c > 1 such that for for each j < Jq and each Q G A2J , the closure 
of Q is bi-Lipschitz equivalent to a closed ball of radius 2^ , with bi-Lipschitz 
constants bounded by c. 

Set to := 2^0 < 1, and for < t < to, let At := A2^ when 2^"^ < t < IK Note that 
\Q\ t"', where \Q\ denotes the Lebesgue measure of Q G A^. The dyadic averaging 
operator At : H — > Ti is given by 

Atu{x) = MQ(^,t) = / u{y) dy = / / u{y) dy 

jQ{x,t) JQ{x,t) 

for every x E VL and < t < to, where Q{x, t) is specified by x G Q{x, t) G A^. 

4.1. Estimates for To prove the square function estimate ©, we begin by 
observing that (H8) implies ||-Ptti|| < |||n|"PjM|| for every u G R(r), and therefore 
by spectral theory (because 11 is self-adjoint) that 

/■°° dt r°° dt r°° dt 

I i\efp.urj<l iiwnim.ir^^<ikii=| ^<ii.ir^ 

where to = 2-^°- Thus to prove it suffices to show that 

(10) £\\efPturj<\\ur 

for every u G R(r). 

Definition 4.2. By the principal part oi the operator family 0f under consideration, 
we mean the multiplication operators 7^ defined by 

'jt{x)w = {Qfw){x) 

for every w G C^. Here we view w on the right-hand side as the constant function de- 
fined on Q by w{x) = w. It will be proven in Corollarv 14 .41 that ■jt G L^2'^{Q; £(C^)). 

To establish (fTn|) . we estimate each of the following three terms separately 



f\\QfPtuf^^ < £° WQfPtu - ^tAPtufj 



2 dt f* C \ A ( \i2i / \i2 dxdt 



(11) 

+ / htAtiPt-l)ur^+ I I \Atuix)\''\^tix)\' 
Jo Jo Jn 

when u G R(r). 

We estimate the first two terms in Section 14. H| and the last term in Section 14.41 
In the next section we introduce crucial off-diagonal estimates for various operators 
involving 11^, and also prove local L2 estimates for 7^. 

4.2. Off— diagonal estimates. We require off-diagonal estimates for the following 

class of operators. Denote (x) = l + |x|, and dist (i?, F) = inf{|x — ?/| : x G -E, y G F} 
for every E,F G Q. 

Proposition 4.3. [7, Section 5.1] Let Ut be given by P^ , Qf or Qf for every t > 



(see Definition \4-.l\} . Then for every M G N there exists Cm > (that depends only 
on M and the hypotheses (Hl-8)) such that 

(12) \\UtU\\L,iE) < CAf(dist(E,F)/t)-^^||M|| 
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whenever E, F C ^ are Borel sets, and u G Ti. satisfies suppw C F. 

The proof is be omitted as it is essentially the same as 7,; Proposition 5.2]. The 
key hypothesis used in the proof is (H6). A simple consequence is that 

(13) ||f/sM||L2(Q) < Yl \\^s(Xru)\\l2{Q) < 5^ (dist (/?,g)/s)"^^||M||i2(R) 

-RGAt ReAt 

whenever < s < t and Q G A^, where Us is as specified in Proposition 14.31 We 
also note that the dyadic cubes satisfy 

(14) sup V(dist(i?,Q)/t)-("+^)<l 

and therefore, choosing M > n + 1, we see that Ut extends to an operator Ut : 
Loo(f^) — ^ 1^2°'^ (fi). A consequence of the above results with Ut = Of is: 

Corollary 4.4. The functions 'jt G -^^"^(n; £(C^)) satisfy the houndedness condi- 
tions 

/ \lt{y)?dy<l 

JQ 

for all Q E At, < t < t^. Moreover \\'~ftAt\\ < 1 uniformly in t. 

4.3. Principal part approximation. In this section we prove the principal part 
approximation Qf 7^ in the sense that we estimate the first two terms on the 
right-hand side of (fTT|) . The following lemma is used in estimating the first term. 

Lemma 4.5. If < t < to, Q E At and M > 2n, then we have 

[ \u{x) - uq\^ {dist {x, Q) /t)-^Ux < [ {\t\/u{x)\^ + \tuix)\^){dist{x,Q)/t)^''-^ dx 
Jn Jn 

for every u in the Sobolev space H^{Q; C^). 

Proof. In the case when is a smooth domain one can use reflection techniques to 
construct an extension operator S : H^{Q; C^) — > H^{IV^; C^) such that 

/ |V(^M)(x)|2(dist(x,Q)/t)"'rfx< / (|VM(x)|2+|M(x)n(dist(x,Q)/t)2"-^'da;. 
Jr" Jn 

The desired estimate then follows from the corresponding result on R" [71 Lemma 
5.4], noting that the set Q used there does not need to be a Euclidean cube, but 
merely satisfy \Q\ ^ t^. 

In the general case of a domain which is bi-Lipschitz equivalent to a smooth 
domain, the bi-Lipschitz parametrization of fl gives the required inequality, except 
for the fact that uq is replaced by a constant c = c{u, Q). But this suffices, because 
/^|«Q-c|2(dist(x,Q)/t)-^^^cia;<r|uQ-c|2 < |n(x) -c|2(dist (x, Q)/t)-^da;. □ 

We now estimate the first term in the right-hand side of (fTT|) . 
Proposition 4.6. For all u G R{T), we have 

r\\efPtu-itAtPtur^<\\ur. 

Jo t 
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Proof. Using Proposition 14. 3[ Lemma f4. 51 and estimate (fT^ we get, as in [7|, that 

lleff - 'JtAtvW < t\\v\\Hl{n;CN) 

for every v in the Sobolev space H^{Q; C^). Since 6f — ■jtAt is bounded on H, we 
have by interpolation and then (H8) that 

\\Qfv-^tA,v\\<n\v\\H'^in;c-) < \\m\rv\\ 

for every v G R(r) n D(n2). 
Taking v = Ptu, we then have 



Jo Jo 



^\rPtu\\- 



dt 



< 



\u\ 



t - J, ' " ' " t 
The last inequality above follows from spectral theory. This completes the proof. □ 

We use the following lemma to estimate the second term on the right-hand side 
of (fTTj) . and also in the proof of Lemma f4. Ill (c.f. Lemma 5.15 of [3]). 

Lemma 4.7. Let T be either U, T orT*. Then we have the estimate 



(15) 



\u\ 



for allQ e At and u G D(T). 

Proof Let r = (/^ H^Y^^Jq \Tu\'^)-^^\ li t > t, then (USD follows directly 
from the Cauchy-Schwarz inequality. If r < t, let rj G C^{Q) be a real- valued 
bump function with iVr^l < 1/r such that ri{x) = 1 whenever x & Q satisfies 
(i(x, R" \ Q) > T. Then by hypothesis (H7), the Cauchy-Schwarz inequality, and 
the fact that \{x e Q : dist (x, R" \ Q) < r}| < rt"-\ we obtain 



/ Tu = / {l — ri)Tu+ / rjTu 
JQ Jq Jq 

[ il-r])Tu+ [ [v,r]u+ [ T{r]u) 
Jq Jq Jq 



< 



(rt 



n-lNl/2 



+ l|V77||oo(rt 



n-l\l/2 



1/2 



\U\ 



1/2 



\Q\ 



1/2 



\U\ 



1/2 



which leads to (fT3j) on substituting the chosen value of r. 

We now estimate the second term in the right-hand side of (fTT|) . 



□ 



Proposition 4.8. For all u ETi, we have 



to 



12 dt ^ 



Proof. Cor ollar V 14 . 41 shows that ||7tAt|| ^ 1 and since Af = At it suffices to prove the 
square function estimate with integrand ||y4t(Pt — I)u|p. If m G N(n) then this is zero. 
If M G R(n) then by spectral theory we can write u = 2 Q^u^. The result will 
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follow from a Schur estimate and the spectral theory estimate Jq°° HQt^^P y ^ ll""!!^ 
once we have obtained the bound 

IIAm-I)gs||<min{f4}V2 

for all s > and < t < to- 

Note that {l-Pt)Qs = fQt(I-P,) and PtQs = jQtPs for every s,t > 0. Thus, if 
t < min(s, to), then 

\\A{Pt-l)Qs\\<\m-l)Qs\\<t/s, 

while if s < t < then 

\\A{Pt - i)Qs\\ < WPtQsW + WAQsW < s/t + II AQsll • 

To estimate HAfQsH, we use Lemma 1471 with |T3|) and (fT4|) to obtain 

2 



AtQsu\\''= V |g| / sn(i+s2n^ 



1/2 / /• \ 1/2 



QeAt ^/JeAt ^ 



.(I)INI-^IMI^ 

which completes the proof. □ 
We have now estimated the first two terms in the right-hand side of (jllj) . 

4.4. Carleson measure estimate. In this subsection we estimate the third term 
in the right-hand side of (jlip . To do this we reduce the problem to a Carleson 
measure estimate. Recall that a measure fi on Q x (0, to) is said to be Carleson if 
||/i||c = supgg^ \Q\~^fi{RQ) < oo. Here and below, Rq = Q x (0,2-^) denotes the 
Carleson box over Q G A2i. For such Q we define XQ = {x E : dist {x,Q) < 
(A - 1)2^} when A > 1. 
We now recall the following theorem of Carleson. 

Theorem 4.9. [19, p. 59] If fi is a Carleson measure on Q x (0,to) then 

\Atu{x)\^ d^{x,t) < C||/i||c||M||^ 



'nx(0,to) 

for every u ETi. Here C > is a constant that depends only on n. 
Thus, in order to prove (fTT|) it suffices to show that 

(16) // hix)\'^<\Q\ 



Rq 



t 



for every dyadic cube Q E A. 
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Define a measure u onQx (0, to) by du = x{x, t)^^, where x is the characteristic 
function defined by xl^;, t) = 1 if there is x G Q G with AQ \ f2 7^ 0; otherwise 
let xi^yt) = 0- It follows from (H4) that i/ is a Carleson measure. From Corollary 
14.41 we then see that |7t(x)p t) is a Carleson measure. Now, the sum of two 
Carleson measures is again Carleson. Therefore, to prove ()16p it remains to consider 
the case when Q E A with 4Q C fi. 

Fix such a cube Q and set a > 0; its value to be chosen later. Let JF be a finite 
set consisting of G £(C^) with |z/| = 1, such that [j,y(zyrKi, = £(C^) \ {0}, where 

ir. = {z/'G/:(c^)\{o} 

To prove ()16|) it suffices to show that 
(17) 



v\ < a 



for every v E T . By a standard stopping time argument as used in ^ Section 5] , in 
order to prove ()17|) it suffices to prove the following claim. 

Proposition 4.10. There exists /? > such that for every dyadic cube Q E A with 
4:Q C Q, and for every u G £(C^) with = 1, there is a collection {Qk}k C A of 
disjoint subcubes of Q such that \Eq^i,\ > P\Q\ where Eq^y = Q \ [JkQk, o,nd such 
that 

„,,,„,.J7.WI^^<I0I 

where E*Q ,^ = Rq\[J^Rq^. 

Let Q G A,- and u be as in the above proposition. Choose w,w E with 
\w\ = |w| = 1 and i'*{w) = w. Let tjq be a smooth cut-off function with range 
[0, 1], equal to 1 on 2Q, with support in AQ, and such that ||V?7q||oo < 1/t. Define 
Wq = r]QW, and for each e > 0, let 



•I r 



[I + eTiT*s) (1 



eriYiB) ^w. 



Lemma 4.11. We have ||/q J| < 

dxdt 



I r\B rw 
\^t J( 



t 



<-,\Q\ 



and 



JQ 



Jc 



W 



for every e > 0. Here C is a constant that depends only on hypotheses (HI -8). 

Proof. The first and second estimates follow as in [7]. To obtain the last estimate, 
we use the fact that r < 1 and also Lemma Ffl with T = F and u = {1 +eTiIlB)~^ 
to show that 

//q.-^ = -f ^rVil 
JQ JQ 



Wq 



< ^1/2 



[l+eTiUB] 



-'wq\' 



1/4 



1/2 



lerTil+eTiUB) 



1/4 



< .1/2 



This completes the proof. 



□ 
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The proof of Proposition 14.101 can now be completed exactly as in [7j . Therefore 
the last term in (lllj) is bounded by a constant times This proves the square 

function estimate ^ and thus Theorem 12.41 
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